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PROBLEM SET 10

1.
A particle of mass m in a harmonic oscil-
lator potential V(z) = imwiz? has possible

definite-energy wavefunctions wu,(z) with ener-
gies E, = liwg(n + 1), where n is zero or a pos-
itive integer. The particle is in thermal equilib-
rium with a bath at temperature T'. Its probabil-
ity of having total energy F (relative to the bot-
tom of the well) is proportional to the Boltzmann
factor e E/FT where k is Boltzmann’s constant.

Calculate the average energy E of the particle,
true for any temperature. Then take the high
temperature limit k7" >> hwy and show that E
reduces to kT, the classical result.

2.

Consider the potentlal 1mw?2? of the harmonic
oscillator, where w is a constant. Define the op-
erator A =y + iq, where y = zy/mw/2 and ¢ =
p/V2mw. Use the fact that (z) and (p) are phys-
ical observables so that ' = z and p’ = p, where
 denotes the Hermitian conjugate. Remember
that ¢ = ¢* when ¢ is a constant. H = H' is
the Hamiltonian. For this potential, prove that

Al =y —iq

[A, AT) = h
H=w(g®+y°)
H=w(ATA+1h/2)
H=w(AAT — 1/2)

[H, AT] = hw AT

[H, A] = —hwA

(This is the formal basis for the assertion, proved
in lecture, that a harmonic oscillator has energy
levels E,, = liw(n+% ), where n is an integer > 0.)

3.

Consider the angular momentum operator L =
r x p = (h/i)r x V. For example, L, =
(h/i)(y(0/02)—2(8/dy)). Define Ly = L,+iL,.

Prove that

This is the formal basis for the assertion, proved
in lecture, that angular momentum is quantized
in integral or (for intrinsic [spin] angular mo-
mentum) half-integral units of h.

4.

The spherical harmonic Yy, (6, ¢) is an eigenfunc-
tion of L? with eigenvalue A%I(l 4+ 1) and also of
L, with eigenvalue Am. It is normalized so that

/cm Y, (0, 6)Yim (6, 6) = 1.

a.

éh())w formally that L.Y; = 0.
J ALy Yi) (L4 Ya). )

(b,

In lecture it was proved that L_ is a lowering
operator:

(Hint: evaluate

L Ym=C_ (lu m)}/l,mfl >

where C_ (I, m) is a constant depending on [ and
m. Using the normality of the Y;,,’s, derive the
value of |C_ (I, m)|%.

5.

Consider the problem of an electron bound to an
infinitely heavy nucleus, here using our modern
understanding of orbital and spin angular mo-
menta. Suppose that the nucleus is spinless, and



that the atom is in a state of definite orbital an-
gular momentum [ = 2. Moreover, the atom is
in a state of definite projection m; = % of its to-
tal (spin + orbital) angular momentum on the z
axis.

(a.)

What value(s) of total angular momentum quan-
tum number j is (are) possible? Why?

(b.)

Define the expectation value of the cosine of
the angle between the atom’s orbital and spin
angular momenta as follows:

(L-S)
V(S

Evaluate (cos@) for this problem. (Hint. Con-
sider (J?2), where J =L + S.)

(cosb) =

6.
Rohlf 7.27.

7.
Rohlf 8.21.

8.
Rohlf 8.25.



