TENSOR or COMPONENT NOTATION for VECTORS
Leroy T. Kerth

First, a couple of reminders. In type set text, a vector is shown in bold face
type e.g. A. In hand written text, a vector is shown by an arrow e.g. A. The usual
expansion of a vector in Cartesian coordinates is:

A=A=AX+ Ayy + Azz where: X,y,z are the unit vectors (1)
in the x, y and z directions.

This notation for a vector is very compact and quite useful. However, there are
occasions when a more direct way to do algebra or calculus on the components of a
vector is required. The notation that allows this is called tensor or component
notation. Both notations are very useful. You should become conversant with both.
We describe tensor notation below.

Another Way to Represent a Vector

Let: A7 stand for Ay and X; stand for x
A stand for Ay and x; stand for y
Aj stand for A, and X3 stand for z

3
Then (1) may be written as: A= EA i Xi
i=1
3
Some short hand: A=YAi%i=Ai%i

i=1
This is the Einstein convention. Any index that is repeated, i in this case, we sum
over the values 1 to 3.

More short hand:

We don’t need x;! Thatis, A; means the i th component of A or A, the x;is
redundant. This is the crux of tensor notation. That is, just write A; with i =1,2,3 to
stand for the any one of the components of A. (The extension of this concept to
other than three dimensions is obvious.)

Examples of Use in Some Fundamental Vector Operations
Addition and subtraction:

A;j=B; = Cjis the i th component of A=B +C.



Scalar or dot product:

AjB; is the same as A-B (remember, we sum over repeated
indices).

Differential vector operators:

d 0 9 9
o s the i th component of V = x 5= Yoy +i3
for example:

0
a;i, is the i th component of grad ¢ or V¢
1

o

e is the same as div A or V-A.
)

What about a cross product?

X y z
AxB=| Ax Ay A, = f((AyBZ - AzBy) + y(AzBx - AxBy)
Bx By By

(2)

To see how to handle this in component or tensor notation, we need to digress into
symbolic ways of writing and manipulating determinants.

Digression into Determinants
First, we define the Kronecker symbol 61']'

;i =0 ifiz] 3)
=1 ifi=j

Second, we define the Levi Civita symbol &;jk
gk =0 ifanytwoofi,j, kare equal (4)

=+1 if ijk = 123,231 or 312
=1 if ijk = 321,213 or 132

The values of ijk that give +1 are called even permutations, while those
that give -1 are called odd permutations. This is because the number
of interchanges of pairs of indices that are necessary to create the



sequence 1,2,3 are even for the +1 case and odd for -1. Try it! A short hand
for this definition is often found in physics texts. It goes something like "&;jx

is the totally antisymetric quantity with €13 =1".

Third, we look at the determinant of a 3x3 matrix e.g.
ai1 a2 ais

(a) = | a21 ap2 az3
asz] as2 as3

The determinate of the matrix (a) may be written as:
det a = gjjrajjajask or det a = ¢gjjkajl aj2 a3

Check it yourself. You will see that these are just the usual row or
column expansions. The &;j just takes care of the alternating signs.

Now Back to the Cross Product:
In light of (2) and (5), we see that the i th component of C = A X B is:
Ci = &ijk AjBk
To make use of this, we need to learn more of the algebra of §;; and &;jk.
Algebra of §;j:
dij Ojk = Oik
O =3
To prove these, just write out the indicated sum.
Algebra of g;ji:
Eijk Ailajmakn = Elmn det a.

i1 Oim Oin
€ijk€lmn = Sl Bjm djn
Okl Ok Okn

The proof of each of these is similar. Below, I prove (9) and leave the
proof of (8) as an exercise.

(5)

(6)
(7)

(8)

)



1. If any two of i,j,k or any two of k,I,m are equal, the left side = 0 by the
definition of &;jk (4), and the right side is 0 as the determinant has either two
equal rows or two equal columns.

2. For i,j,k = 123 and I,m,n = 123, the expression is clearly true. The left
side is 1x1 and the right side is the determinant of the unit matrix.

3. Under the interchange of any two of either i,j,k or I,m,n, the left side
changes sign. The right side changes sign as this is the interchange of
either two rows or two columns of the determinant which changes its
sign.
Thus, all possible values of the indices give an equality.
Using (9), we can evaluate some very useful expressions.

Sik Sim Bin
&ijkEkmn = 5jk 5jm 5jn i.e. sum over one index (k)

Skk Sfan Ok

= 8ik(8jmdkn — 8jnion) — Bim(8jkdkn — Sjndkid) + Bin(Bjkdlom — Ojmdik)
by (5) and (6):

= 8jmdin = 8jndim ~ Bimdjn + 3BimBjn + dinjm — 38injm

or €ijk€lmn = Simﬁjn - Smﬁjm Sum over one index (10)
and  €jk€jkn = - (8,']'5]'n - SinSjj) = 20i,, Sum over two indices (11)
and &ijkEijk = 6 Sum over all 3 indices (12)

Examples of Applications to Vectors

Example 1
You learned somewhere that:
A x(BxC)=B(A-C) - C(A-B) (Bac — Cab rule)
We prove this using tensor notation.

[A X (B x O); = &jkAjekimBICim = €ijk€ximABICrm



by (10): = (8i10jm — SimOjDAjBICy, = Bi(AiC)) - Ci(AjB))
= Bi(A-C) - C;(A-B)

Example 2

d d
[V x (A xB); = &ijk % ekmAIBm = EijkeKin AiBp

d
by 9): = (8i18jm ~ Simdj1) x ABy

0 0 0 0 0 0
= a—xj(AiBj) - a—Xj(AjBi) = Aia—xj B; + B]'a—xj Aj - A]'a—xj B; - Bia—xj Aj

Ai(V-B) + (B-V)A; - (A-V)B; - Bi(V-A)
Example 3

The vector r = xx + yy + zZ appears often.

We may write r in component notation as: rj = x;

Then:

0
divr= 3G Xi = dii by (7) this is equal to 3

Xj
0 .
(curl 1); = gjjk G Xk = Eijk Sjk by (3) and (4) is equal to 0
]

Other examples will be found on a future problem set.

Determinants of Matrices of Other Orders
(This section is for interest only. We will not need it for 110A)

Certainly determinants of matrices of order other than 3 x 3 are of interest
and important. Our definition of the Levi Civita symbol was for 3 x 3 matrix. An
examination of the definition for this case (4) shows that it can be defined in the
same way for any size matrix. That is for an n X n matrix we just write Eijk.... with
the dots indicating there are a total of n indices. It is the totally antisymetric
quantity with €123 5 =1.



With this more general definition the equivalent of (5) becomes:

det a = gjjk.a1j agj ask... (13)

For example for n = 2. we have:
det a = gjj ajjay;

or for n = 4:

det a = gjjk a1jaz/azka4l

The very important relations (8) and (9) generalize in the obvious way.
Eijk.... AilAjmAkn.-- = Elmn.... det a. 8)

dia Oib Oic o *

Sja Bib B * *
b e ©)

Eiik...€abc.... =
J Oka Ok Okc o o

If we contract two € s on the last m indices it can be shown (I hate those words but they
save space) to be:

€_¢_contracted on the last m indices = m! x det a' (14)
where: a' is the first n-m minor of the matrix:

81'&1 6ib 81'c

Oka Okb Okc

For example:

8ia 5113 ’

for n =3 m =1 the contraction is gjjk€abk = 1! X
dja Ojb

which is equivalent to (10).
orforn=4m=2.
gjjki€abkl = 2! X (8;a8jb — Sibdja)

which is equivalent to (10) for a 4 x 4 matrix.



The cofactor of the ij th component of a matrix is defined as (-1)i*/ times the
determinant of the matrix with the i th row and the j th column removed. For an n
X n matrix it can be formally written as:

1
Cij =(n-1)1 Ciabc..Ejopy.. dac AbBaAcy - (15)

Mathematicians call the transpose of the matrix made up of the elements ¢;; the adjoint

of the matrix ajj. Written Adj A. Note: this is not what we call adjoint in physics.
Using the algebra of the Levi Civita symbol it is easy to show:

A Adj A = (1) det A
or ajj ikl =ajj ckj = Sk deta (16)

This leads to an expression for the inverse of aj;:

1 Adj (A)
A
Cjj
or aj 1= @ (17)
Try it with something simple like:
123
231
312

Now it is interesting to contemplate what all this means with respect to
vectors. Look at the cross product in 3 dimensions. It was defined as:

Ci = &jjk AjBrk.

Consider some other dimension. Can you make a similar definition? For example:
forn=2 &ij AiB; or forn=4 &ijkl AkBI

The problem is these do not produce vectors. The first is a scalar (i.e. has only one
value) and the second is a 4 x 4 matrix! The cross product, as we know it, exists
only in 3 dimensions. We will learn much more about this as we learn about
tensors and there meaning in physics.



