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SOLUTION TO EXAMINATION 2

Directions: Do all 3 problems, which have unequal weight. This is an 80-minute closed-book closed-
note exam except for Short Course in Classical Mechanics, Taylor, a copy of anything posted on
the course web site, and anything in your own handwriting (not a Xerox of someone else’s writing).
Laptops, palmtops, calculators, and cellphones should be turned off. Use a bluebook. Do not use
scratch paper – otherwise you risk losing part credit. Show all your work. Cross out rather than
erase any work that you wish the grader to ignore. Justify what you do. Express your answer in
terms of the quantities specified in the problem. Box or circle your answer.

Problem 1. (35 points)
A rocket orbits the sun elliptically, far from any
planet. The rocket’s controllers plan to destroy
it by crashing it into the sun. To do this, they
fire the rocket’s engine for a very brief time,
exerting a fixed force F during that time.

(a.) (15 points)
To minimize the time ∆t during which the rocket
must be fired, where in the orbit, and in what
direction, should F occur? Why?

Solution: The rocket should be fired opposite
to the θ̂ component of its velocity in order to
make that velocity component vanish. Then
the rocket’s angular momentum about the sun
will vanish, allowing it to fall into the sun. To
minimize ∆t, the rocket burn should occur at
the apogee, where the [tangential] velocity is
smallest.

(b.) 20 points)
Suppose instead that the rocket’s orbit is circu-
lar. Its controllers fire the rocket for a minimum
time ∆te so that it barely escapes the solar
system. Calculate the ratio

R =
∆te
∆tc

,

where ∆tc is the firing time that would have been
required to crash the same rocket into the sun.

Solution: For the rocket to escape (E = 0),
since T = − 1

2U , T must double; v must increase
by the factor

√
2. On the other hand, for the

rocket to fall into the sun, v must decrease to 0.

Since, along the force direction, ∆v = F
m∆t,

R =
∆te
∆tc

=
|∆ve|
|∆vc| =

√
2v − v

v − 0
=

√
2 − 1 .

Problem 2. (30 points)
A simple plane pendulum consists of a mass m
attached to a string of length h. After the pen-
dulum is set into motion, the length of the string
is shortened at a constant rate

dh

dt
= −α = constant.

The suspension point remains fixed. Choose as
generalized coordinate the angle θ made by the
string with respect to the vertical.

Calculate the Hamiltonian H for this system.
Express it in terms of θ and the canonical mo-
mentum pθ that is conjugate to θ. Is H equal to
the total energy? Is H conserved?

Solution: Taking the origin at the suspension
point, first calculate the Lagrangian:

x = h sin θ

y = −h cos θ

ẋ = h cos θ θ̇ − α sin θ

ẏ = h sin θ θ̇ + α cos θ

ẋ2 + ẏ2 = h2θ̇2 + α2

L = 1
2mh2θ̇2 + 1

2mα2 + mgh cos θ .

Next, compute the Hamiltonian:

H = θ̇
∂L
∂θ̇

− L
= mh2θ̇2 − 1

2mh2θ̇2 − 1
2mα2 − mgh cos θ

= 1
2mh2θ̇2 − 1

2mα2 − mgh cos θ .



Finally, reëxpress H in terms of pθ = ∂L/∂θ̇ =
mh2θ̇ :

H =
p2

θ

2mh2
− 1

2mα2 − mgh cos θ .

The Hamiltonian is smaller than the total energy
by mα2. Its total time derivative is

dH
dt

= −∂L
∂t

= mhα θ̇2 + mgα cos θ .

The summed coefficient of α has definite (posi-
tive) sign, so H is not conserved.

Problem 3. (35 points)
A thin disklike turntable of radius R and mass
m rotates frictionlessly about its symmetry axis.
Initially two men of combined mass m stand on
the edge of the turntable at opposite ends of
a diameter. After the turntable (and men) are
set into rotation with angular velocity ω, the
turntable-men system is subjected to no further
external torques.

(a.) (20 points)
As seen in a reference frame attached to the
turntable, both men walk toward the turntable’s
axis with the same velocity v0, where v0 � ωR.
Their journey requires them to exert a continu-
ous effort. At what radius r (0 ≤ r ≤ R) is their
effort greatest?

Solution: As the men move inward from radius
R to r, angular momentum conservation forces
ω to increase:

(1
2mR2 + mR2)ωR = (1

2mR2 + mr2)ωr

ωr

ωR
=

3
1 + 2( r

R )2
.

Because v0 is negligible, we consider only the
centrifugal fictitious force Fc felt by the man:

Fc = mrω2
r

= mrω2
R

( 3
1 + 2( r

R )2
)2

.

Taking u = r
R , we maximize

f(u) =
u

(1 + 2u2)2

0 = f ′(u) =
1

(1 + 2u2)2
− 8u2

(1 + 2u2)3

1 + 2u2 = 8u2

u =
1√
6

, r =
R√
6

.

(b.) (15 points)
Instead of walking toward the axis, one man
falls off the turntable while the other remains
standing. Put the origin at the turntable’s center
with the z axis along the axis of rotation, and
approximate the remaining man as a point mass
at height h above the x axis. What is the inertia
tensor I of the turntable-remaining man system?

Solution: For the disk, the xyz axes are prin-
cipal axes, with Izz = 1

2mR2. Because the disk
is planar, Ixx + Iyy = Izz , so, by cylindrical
symmetry, Ixx = Iyy = 1

4mR2.

For the point mass 1
2m at (R, 0, h), Izz = 1

2mR2,
Ixx = 1

2mh2, and Iyy = 1
2m(R2 + h2). The only

nonzero off-diagonal elements are Ixz = Izx =
− 1

2mhR .

Adding these two inertia tensors,

I = 1
2mR2

⎛
⎝

1
2 + β2 0 −β

0 3
2 + β2 0

−β 0 2

⎞
⎠ ,

where β = h/R .


